In this article, we prove that if the Ricci tensor of a compact nonpositively curved manifold M n is nowhere negative definite, then it admits local flat factors. To be more precise, let U ⊆ M be the open subset where the Ricci tensor has maximum rank r. Then for any connected component U a of U , its universal cover U a is isometric to R n−r ×N r a , where N r a is a nonpositively curved manifold with negative Ricci curvature.
Introduction
In the study of nonpositively curved manifolds, it is often very important to distinguish between the negatively curved case and the nonpositively curved case. Because in the negatively curved situation a manifold usually possesses certain hyperbolicity, while in the nonpositively curved but not the negatively curved case, some rigidity phenomena often occur.
Of course one natural way for a nonpositively curved manifold M n to be not negatively curved occurs when it has degenerate Ricci tensor; that is, when the maximum rank of the Ricci tensor is less than its dimension. In this case, at each point in M n there will be some direction in which the Ricci curvature is zero; thus there are many zero sectional curvatures at any point.
A trivial way for this to happen occurs when M n (or rather, its universal covering space M n ) has a nontrivial Euclidean de Rham factor. The beautiful Eberlein theory ( [CE] , [E1] - [E5] ; see also [EHS] and the references therein) provides a complete answer to this when M n is compact. In this case, there always exists a finite cover M of M n , which is a metric fiber bundle over a compact nonpositively curved manifold N without Euclidean de Rham factor, while the fiber is a flat torus (whose dimension is the dimension of the Euclidean de Rham factor of M n ).
So we may just consider a compact, nonpositively curved Riemannian manifold M n (whose universal cover is) without Euclidean de Rham factor. Denote by r the maximum of the rank of its Ricci tensor. We will call it the Ricci rank of M . We say that M n has degenerate Ricci if r < n.
Note that even when M n is without Euclidean de Rham factor, it still could happen that r < n. For instance, take a punctured torus Y and equip it with a nonpositively curved metric such that a neighborhood of the boundary is isometric to [0, 1] × S 1 . Take two copies of Y × S 1 and glue them along the boundary torus, but with the S 1 factors switched. The resulting space is a closed 3-manifold M 3 with nonpositive sectional curvature, with Ricci rank 2, and without Euclidean de Rham factor. (This example is often called Gromov's example, and we first learned it from X. Rong.)
More generally, any graph manifold M 3 which admits a nonpositively curved metric (and without flat de Rham factor) would have Ricci rank equal to 2.
It is natural to propose the following Conjecture A. Let M n be a compact Riemannian manifold with nonpositive sectional curvature, with degenerate Ricci tensor, and without Euclidean de Rham factor. Then it must be a generalized graph manifold in the sense of Cao-Cheeger-Rong [CCR] .
We refer the readers to the recent work [CCR] for the precise definition of their generalized graph manifold. In it, Cao, Cheeger and Rong were able to show that M n above is a generalized graph manifold if it is in the collapsing case, namely, if the sectional curvature K of M n is between −1 and 0, and its injectivity radius at each point is less than a universal constant (n), which is basically the Margulis constant divided by the Bieberbach constant. In the collapsing case, one always has degenerate Ricci ( [CCR] ), but one can see from the above example that the converse is not always true, since the circles there need not have a small radius.
In this paper, we will use a totally different approach to prove the following result, which provides a partial answer to Conjecture A. Theorem 1. Let M n be a complete Riemannian manifold with nonpositive and bounded sectional curvature, with finite volume, and with Ricci rank r < n. Denote by U ⊆ M n the open subset where the Ricci tensor has rank r. Then for any connected component U a of U , its universal cover U a is isometric to R n−r × N r a , where N r a is a nonpositively curved manifold with negative Ricci curvature.
Theorem 1 can be regarded as a test case for Conjecture A. Note that to confirm Conjecture A, however, one still has to at least show that the leaves R n−r ×{x} for any x ∈ N r a actually have compact images in M n . This will give the local torus actions on (the most curved part U of) M n .
Although at this point we are still far from being able to solve the conjecture, we do believe that the key here might be buried somewhere in the beautiful and deep theory of Eberlein on Euclidean de Rham factors and the rigidity phenomenon (see the aforementioned references). We hope that the ideas and techniques there could be further exploited to help in 'closing up' the leaves of the Ricci kernel foliation L. As an example to illustrate the far reaching influence of the Eberlein theory, sometimes to seemingly quite different circumstances, we would like to just mention the recent work [WZ1] , which studied uniformization theory for compact Kähler manifolds with nonpositive bisectional curvature. Despite the obvious difference in the situations and proofing methods, the Eberlein theory served as an important 'guiding light' throughout that work.
Remark. As one can see from the proof of Theorem 1, the boundedness assumption on the curvature is only needed for each connected component of the open subset U , instead of the entire manifold, and no uniform bound is required.
This remark was suggested by the referee of this paper, for the reason that a general noncompact complete graph manifold with nonpositive sectional curvature may not have a bounded curvature but could meet the weaker restriction on curvature.
In the special case when M n in Theorem 1 is also real analytic (this means, both the manifold and the metric are real analytic), since local splitting always implies global splitting in the analytic case, we know that M will have nontrivial Euclidean de Rham factor when r < n. In other words, we have Corollary 2. Let M n be a complete Riemannian manifold with finite volume and with bounded, nonpositive sectional curvature. Assume that it is without Euclidean de Rham factor, and both the manifold and the metric are real analytic. Then the Ricci tensor is negative definite somewhere.
The referee of this paper also suggested that we highlight the following special case of Theorem 1, for the reason that, in the study of rigidity, compact manifolds are mostly studied and understood.
Corollary 2a. Let M n be a compact Riemannian manifold with nonpositive sectional curvature and with Ricci rank r < n. Denote by U ⊆ M n the open subset where the Ricci tensor has rank r. Then for any connected component U a of U , its universal cover U a is isometric to R n−r ×N r a , where N r a is a nonpositively curved manifold with negative Ricci curvature.
Our approach towards Theorem 1 is to analyze the structure of Cartan-Hadamard manifolds with degenerate Ricci. There are many examples of Cartan-Hadamard manifolds with degenerate Ricci but without Euclidean de Rham factor, as observed in [GZ] , which borrowed some examples from [WZ] . However, such manifolds tend to have very restrictive structures. By a careful analysis on the curvature equations (which is a continuation of the line of work in [GZ] ), we obtain a structural result (Theorems 4-8 in §2) for such manifolds. It turns out that such a manifold admits local splitting into irreducible blocks and that each nonflat block with degenerate Ricci is either of type J or of type N. In both types the geometric behavior of the conullity operators can be precisely described. The results in §2 should also be of some independent interest, and perhaps should have a version in the CAT(0) and other generalized situations.
In §3 we show that neither type J nor type N cases can survive the action of a large isometry group such as a lattice. This together with the splitting result in §2 would lead to a proof of Theorem 1.
Before we end this section, let us make two more remarks here. First, under the real analyticity assumption, to what extent can Corollary 2 be strengthened? For instance, the following was raised by Viktor Schroeder ([S5] ):
Conjecture B (Schroeder) . Let M n be a compact, nonpositively curved, real analytic Riemannian manifold. If an open dense subset U ⊂ M n is (real analytically) foliated by totally geodesic flats of dimension at least 2, then (the universal cover of ) M n must contain a nontrivial Euclidean de Rham factor.
In this direction, the papers [S1]- [S4] and [BS] provided the best known results. In [BS] , Bangert and Schroeder proved that if the universal cover contains a totally geodesic flat of dimension at least 2, then M n will contain a totally geodesic flat torus. They achieved this through studying the (real analytic) dynamics of the geodesic flow. Hopefully their techniques can be borrowed and further developed to provide an answer to this problem, as well as towards the general picture of the dynamics of the geodesic flow for nonpositively curved real analytic manifolds.
One may also drop the analyticity assumption in Conjecture B and ask a slightly more general question: if M n is compact, nonpositively curved, and F is a totally geodesic foliation in an open subset U ⊆ M n whose leaves are complete flats with dimension at least 2, then must the universal cover of each connected component of U be isometric to a product with a flat factor?
At this point an affirmative answer to Conjecture B or the above generalization still seems to be distant, because one is dealing with an arbitrary foliation (of totally geodesic flats). The specialty of the foliation in Theorem 1 is that it is the kernel of the Ricci, thus closely tied to the geometry of the manifold, and what we are doing here is carefully examining its leaf structure and its transversal geometric and topological behavior.
The second remark is that there are several questions that are naturally related to Conjecture A. For instance, we will again mention the following conjecture raised in [GZ] , which says that the Ricci rank is a homotopy invariant:
Conjecture C. If M n , N n are two compact, nonpositively curved Riemannian manifolds and are homotopy equivalent to each other, then their Ricci rank must be equal.
Eberlein theory on Euclidean de Rham factors says that the dimension of their Euclidean de Rham factors are the same, because they both equal the rank of the Clifford group of the (same) fundamental group.
Some closely related questions were raised and studied in [CCR] and its sequels to come. Perhaps the harmonic map technique will be useful in dealing with Conjecture C. See for instance [JY] for the global product case.
The main result of this article was announced in [Z1] .
Cartan-Hadamard manifolds with degenerate Ricci
In this section, we study the structure of a Cartan-Hadamard manifold M n with degenerate Ricci curvature. The main result would be the structural theorems . The proofs are along the line of [Z] and [GZ] ; in the latter an inequality about the Ricci rank was established.
Let us begin by fixing some notation. Throughout this section, M n will be a Cartan-Hadamard manifold with degenerate Ricci. That is, M n is a complete, simply-connected Riemannian manifold with nonpositive sectional curvature, and its Ricci rank r, namely the maximum rank of the Ricci tensor, satisfies 0 < r < n.
Let U ⊆ M n be the open subset where the Ricci tensor has rank r, and let L be the distribution in U given by the kernel of the Ricci tensor. The nonpositivity of the sectional curvature implies that L coincides with the kernel foliation of the Riemannian curvature tensor R. Thus L is a totally geodesic foliation whose leaves are complete, totally geodesic flat submanifolds in M n . By an abuse of notation, we will use the symbol L to denote both the distribution and the foliation. Note that the completeness of the leaves is due to a result by Ferus [F] . From now on, we will call L the Ricci kernel foliation of M n .
Denote by L ⊥ the distribution in U that is the orthogonal complement of L. Recall that the conullity operators C T are defined by
where T and X are vector fields with T ∈ L and X ∈ L ⊥ . Here Y ⊥ stands for the L ⊥ component of Y . These operators are well-defined tensor fields, and they satisfy the Riccati type equations
as well as the so-called curvature equations
for any T, S ∈ L with ∇ S T = 0 and any X, Y, Z, W ∈ L ⊥ . The Riccati equations, together with the completeness of the leaves, force any C T to have no nonzero real eigenvalues ( [DR] ).
We refer the readers to the papers [F] , [DR] and [GZ] for the references on these claims. The algebraic analysis of [GZ] , using the curvature conditions and the curvature equations, provided further restrictions on those conullity operators. Let us denote by C the real vector space formed by C T for all T ∈ L x at a point x ∈ U .
Definition.
For any x ∈ U , we will say that the curvature tensor R splits at x if there is some nontrivial decomposition L ⊥ Z, W ) = 0 unless all four vectors are in V 1 or all four are in V 2 . Such a decomposition will be called an R-split.
Note that in this case each C T will preserve the decomposition; that is, C T (V i ) ⊆ V i for i = 1, 2 (see Lemma 1 of [GZ] ).
The analysis on the curvature equations in [GZ] says the following:
Theorem 3 ( [GZ] ). If R does not split at x ∈ U , then at x either all C T are nilpotent matrices and the product of any two of them is zero, or all C T are in the form aI + bD, where I is the identity matrix and D 2 = −I. Note that in the latter case, the Ricci rank r (which is the dimension of L ⊥ x ) is necessarily an even integer.
For convenience, we will call the first case type N (N for nilpotent) and the second case type J (J for an almost complex structure).
Based on this, [GZ] proved the inequality r ≥ n−r−s, or equivalently, 2r−1 ≥ n−s. Here s is the core number of M n , defined as follows.
For any x ∈ U , denote by K x the subspace of L x consisting of all T with C T = 0. The core number s is just the minimum dimension of K x for all x ∈ U . Write U ⊆ U for the open subset where K x has constant dimension s. In U , K becomes a distribution contained in L, and clearly it is a totally geodesic foliation as well. Let us write L = K ⊕ L in U for the orthogonal decomposition.
Note that just like U , the set U is L-complete in the sense that, if x ∈ U , then the entire leaf L x ⊆ U . Also, the Euclidean de Rham factor of M n , if it exists, goes into this K. But even when M n is irreducible, K can still be positive dimensional as shown by Example 1 in §1 of [GZ] , which was borrowed from [WZ] .
In rough terms, the conullity operators measure the 'twisting' and 'turning' of the leaves of L. The leaves of K move parallel within L and do not 'twist' in the L ⊥ directions by definition (i.e., ∇ L ⊥ K, L ⊥ = 0), but they can be 'turning' and thus not parallel to each other (that is, ∇ L ⊥ K, L may not be zero). The core number s provides a good measurement to the flatness of the manifold M n .
Our goal in this section is to establish a local product structure near a generic point in any Cartan-Hadamard manifold M n which has degenerate Ricci and whose L ⊥ admits an R-split everywhere.
2.1. The R-splits. Let us fix an arbitrary point x ∈ U and consider the vector
We continue our discussion with a series of claims.
where {1, 2, . . . , k} is the disjoint union of A and B. To see that, let π i : V → V i be the projection map, P i = π i (P ), Q i = π i (Q). For any X ∈ P and any Y ∈ Q, we have (Z, X) = 0 for any X ∈ V , and by the negativity of the Ricci tensor on V , we know that Z = 0. That is,
we know that P = P and Q = Q are both the direct sum of some V i 's. This completes the proof of Claim 1.
Claim 2. The R-split pattern of L ⊥ remains constant along each leaf of L.
Proof. Let γ(t) be a geodesic contained in a leaf of L, and write
Extend V 1 and V 2 parallel along γ. Then we claim that they give an R-split at any γ(t) as well. To see this, let X, Y , Z, W be any parallel vectors fields along γ(t), where each belongs to V 1 ∪ V 2 but not all four are in the same V 1 or V 2 . The second Bianchi identity gives
, 2) at t = 0 we know the same holds true at any γ(t). Thus the above identity on ceurvature implies that V 1 ⊕ V 2 also gives an R split at any γ(t).
This means that the splitting pattern of L ⊥ remains constant along each leaf of L.
Proof. We just need to show that the above sum of the limiting subspaces is a direct sum. For this it suffices to show that
for any X ∈ V i (x α ) and any Y ∈ W i (x α ). By letting α → ∞, we know that the same is true at x. So if X ∈ V i ∩ W i , the Ricci curvature in X would be zero, contradicting the fact that the Ricci tensor is negative definite in L ⊥ . This proves the claim. Now let us write k(x) for the number of irreducible R-blocks at x ∈ U , and let k be its minimum for all x ∈ U . Denote by U * the open subset of U , where k(x) = k. By the compactness of the Grassmannians and Claims 1 and 3, we have distributions V 1 , ..., V k in U * such that
By its construction, we also know that the subset U * is invariant under the isometry group of M n ; that is, for any
Next, we want to use these V i to generate a local product structure on (an open, invariant, and L-complete subset of) U * , so that each (nonflat) factor does not admit an R-split anymore.
Proof. Note that there is nothing to prove if k = 1, so we may assume k ≥ 2. Without loss of generality, we may assume i = 1 and k = 2 (just write the direct sum of the other k−1 factors as V 2 ). So we have a decomposition
Let {e 0 , e α , e i } be a local tangent frame near x with e 0 's in L, e α 's in V 1 and e i 's in V 2 . Let g, θ and Θ be the n × n matrices of the metric, connection and curvature under the frame. Also write Ω = Θg and ξ = g −1 θg − g −1 dg. We have R 0 * * * = 0, R iα * * = 0.
Therefore, Ω iα = Ω αi = 0. On the other hand, the second Bianchi identity leads to dΩ = θΩ − Ωξ. Thus
Hence, j θ αj Ω ji = 0, β Ω αβ ξ βi = 0. From this and the fact that the Ricci tensor is negative definite in L ⊥ , we get θ αj (e 0 ) = 0, θ αj (e β ) = 0 for any α, j, and any e β and e 0 . This proves Claim 4.
Proof. To see this, let us denote that
if any one of the four vectors is in P i ⊥ W i . So this gives an R-split. By the irreducibility of V i , we get W i = V i . (Note that the other possibility, namely W i = 0, would contradict the fact that the Ricci tensor needs to be negative
Because of Claim 5, in the proof of Claim 4 we may choose our tangent frame to be an orthonormal one, so g = I, Ω = Θ and ξ = θ. By the condition
we conclude θ αi (e j ) = 0, hence θ αi = 0. Therefore we have for each i that
It is also not hard to see that θ α0 (e j ) = θ α0 (e 0 ) = 0; that is,
Now we are ready to construct the local product splitting. Assume that R does split everywhere in U ; that is, assume k ≥ 2. We have an orthogonal decomposition
Following a trick in [FZ1] , at any x ∈ U * let us define subspaces of the tangent space at x by first letting V 0 i = V i , and then inductively for any m ≥ 0,
for any i = j and any m, l ≥ 0. Now let us denote by V ∞ i the union of V m i for all m ≥ 0. Denote by U * * the nonempty open subset of U * where each V ∞ i reaches its maximum dimension, then within U * * each V ∞ i becomes a distribution, and by the properties of V m i they satisfy
The first condition says that the distribution V ∞ i is parallel, and the second says that it is proper in T M since k ≥ 2. Thus the open subset U * * will be a local product, corresponding to the distribution decomposition in U * *
the last factor is defined to be the orthogonal complement of the sum of the previous k factors, with dimension q ≥ 0 (which could be 0).
Here and after, 'local product structure' on U * * means that, for each connected component U * * a of U * * , its universal cover U * * a is isometric to a product space
where q ≥ 0 is the dimension of L 0 above, and each Y ia is a nonpositively curved Riemannian manifold foliated by its Ricci kernel foliation L ia whose leaves are complete totally geodesic flats, and in the transversal directions, the Ricci is negative definite and there is no R-split. Note that for some factors this foliation could be trivial. In other words, some factors might have negative definite Ricci tensor.
It is clear from the construction that the set U * * is invariant under the isometry group of M and is L-complete. In summary, we have proved the following structural result for Cartan-Hadamard manifolds with degenerate Ricci. 
with k ≥ 1 and q ≥ 0, where each Y i is a Riemannian manifold with nonpositive sectional curvature, foliated by its Ricci kernel foliation L i whose leaves are totally geodesic complete flats, and its orthogonal complement L ⊥ i in Y i does not admit R-split. Thus when Y i has degenerate Ricci, either all of its conullity operators are nilpotent and the product of any two of them is zero (type N), or all of the its conullity operators are in the form aI + bD with D 2 = −I (type J).
In particular, when M n is real analytic, since local splitting always implies global splitting, we have the following consequence Corollary 5. Let M n be an irreducible, real analytic Cartan-Hadamard manifold with Ricci rank 0 < r < n. Then either it is of type N, where the product of any two conullity operators is zero, or it is of type J, where all the conullity operators are in the form aI + bD with D 2 = −I.
Further restrictions.
In this subsection, we will show that within each irreducible R-block there will be further restrictions in both the type J and type N cases. We will be working on those factors Y i in Theorem 4 which has degenerate Ricci. Denote by L i its Ricci kernel foliation, and by n i , r i , and s i its dimension, Ricci rank, and core number, respectively.
For such a factor Y i , L ⊥ i will not admit any R-split. Also, the leaves of L i cannot vary in parallel terms, because otherwise its orthogonal complement L ⊥ i in Y i would be integrable (i.e., a foliation), which would contradict the construction of Y i . Therefore, Y i will be either of type J or of type N. In the first case, all conullity operators C T are in the form aI + bD with D 2 = −I, while in the latter case, all conullity operators are nilpotent and the product of any two of them is zero. We begin with the type J case. has minimum dimension (which is s). K becomes a distribution in Y . It is easy to see that, for any x ∈ Y , one can choose vectors {T 1 , . . . , T m } in L x such that
Here m = n−r−s is the dimension of C, the linear span of all C T . Note that r is necessarily even here.
In this case, {I, D 1 , . . . , D m } generates the Clifford algebra. Thus m must be less than ρ(r) and the Radon-Hurwitz number defined by
where a, c, d are nonnegative integers with c ≤ 3. We have ρ(r) ≤ r, and the equality can only occur when r = 1, 2, 4 or 8. In [GZ] , by a detailed check on the curvature equations for the r = 4 and r = 8 cases, the possibility of m = r − 1 was ruled out. So one has m ≤ r − 2, which helped to establish the main inequality of [GZ] . First, let us prove m = 1. Note that when r is not divisible by 4, the Radon-Hurwitz number ρ(r) = 2; thus m < 2. So in the following we will assume r = 4q, where q is a positive integer.
Assume the contrary, namely m ≥ 2. Then there are two linear transformations C T = aI + bA and C S = cI + dB on the r-dimensional vector space V = L ⊥ x such License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use that b, d > 0 and A 2 = B 2 = −I, AB + BA = 0.
Both A and B will satisfy the curvature equations, since the contribution of the identity matrix in the curvature equation is zero by the first Bianchi identity. It is not hard to show that, under a suitable choice {e 1 , . . . , e r } of basis of V , A and B can be represented by the matrices (which we will still denote by A and B)
For D = A or B, the curvature equation for D says that
for any X, Y ∈ V . Here as before, K(X, Y ) = R(X, Y, Y, X). We claim the following Claim 6. For any 1 ≤ k ≤ q, K(e i , e j ) = 0 if i and j both belong to the set Λ k = {k, k + q, k + 2q, k + 3q}.
For simplicity, let us denote those four indices in Λ k simply by {1, 2, 3, 4}, and write K ij for K(e i , e j ). We have A(e 1 ) = −e 3 , A(e 2 ) = −e 4 , B(e 1 ) = −e 2 , B(e 3 ) = e 4 . By ( * ) for D = A, we get K 12 + K 23 = K 14 + K 34 = −R 1324 , K 12 + K 14 = K 23 + K 34 = −R 1324 . Therefore, K 12 = K 34 = −γ, K 14 = K 23 = −β, and R 1324 = γ + β.
Similarly, by using ( * ) for D = B, we get K 13 + K 23 = K 14 + K 24 = R 1234 , K 13 + K 14 = K 23 + K 24 = R 1234 .
Therefore, K 13 = K 24 = −α, and R 1234 = −α − β. By the first Bianchi identity, we have
We claim that the nonpositivity of the sectional curvature will now force K ij = 0 for all 1 ≤ i, j ≤ 4. To see this, consider X = e 1 − e 2 and Y = e 3 + e 4 , and write e ij for e i ∧ e j . We have X ∧ Y = e 13 + e 14 − e 23 − e 24 . By applying the curvature equations, one could also get
Therefore, β = γ = 0. Since γ = −K 12 = 0, by Lemma 2 of [GZ] , we have
This together with the fact R 1234 = −(α+β) imply that α = 0 as well. So R ijcl = 0 for all 1 ≤ i, j, c, l ≤ 4 in this case. This proves Claim 6.
Claim 7. For any 1 ≤ k < l ≤ q, K(e i , e j ) = 0 if
Again for simplicity, let us denote the first four indices by 1, 2, 3, 4 and the next four indices by 5, 6, 7, 8. Consider the four indices {1, 2, 5, 6}. Just as in the proof of Claim 1, the curvature equations of A and B for these four indices imply
Since K 12 = 0, by Lemma 2 of [GZ] , we get
Thus x = y = 0. The other cases of Claim 7 can be proved similarly.
By Claim 6 and Claim 7, we know that the curvature R actually vanishes, which of course violates the fact that the Ricci tensor is negative definite on L ⊥ . This means that there can be at most one (linearly independent) conullity operator; that is, m = 1.
Next, we want to show that s = 0. This together with m = 1 would mean that the leaves of L are 1-dimensional. Near a generic point x, denote by L = K ⊕ L the orthogonal decomposition, where K = {T ∈ L | C T = 0}. The distribution L has rank m = 1. Let {e 0 , e α , e i } be a local orthonormal tangent frame of Y n such that e 0 ∈ L and the e α 's are in K. Again denote by θ, Θ the connection and curvature matrices under the frame e. We have θ αi = n a=1 ∇ e a e α , e i e a = 0 since C e α = 0. Therefore
So for any j, k, we have ∇ e j e α , e 0 ∇ e k e 0 , e i = ∇ e k e α , e 0 ∇ e j e 0 , e i . This is A αj C ki = A αk C ji , where C = C e 0 and A αj = ∇ e j e α , e 0 . Since C is invertible, by multiplying its inverse matrix on the right and adding it up, we get A αj δ kl = A αk δ jl for any l. For any α and any j, by choosing l = k = j, we get A αj = 0. This means ∇ e j e α , e 0 = 0, so K is a parallel distribution. This would lead to a nontrivial flat Euclidean factor of Y n if s > 0. So we know that s = 0 for any type J factor.
It is not hard to see that along any leaf L (which is a geodesic) of L, the trace tr(C T ) vanishes exactly once along L, so we will skip it. This completes the proof of Theorem 6.
For a type J factor Y i in Theorem 4, the Ricci kernel foliation has 1-dimensional leaves. In the open subset Y i ⊆ Y i where C T is not zero, each leaf contains a unique point where the trace of C T vanishes. We will call this geometrically distinctive point the belt point of that leaf. The set of all belt points will be denoted by S i and is called the belt of Y i . It is a smooth hypersurface in Y i , transversal to the foliation L i .
If we use the belt points to be the origin of the leaves of L i and let T be the unit vector in the L i direction, then it is easy to see that in Y i there is a smooth function λ > 0 and
where D 2 = −I. Both λ and D are constant along each leaf of L i .
As an example, consider the cubic threefold in R 4 ,
equipped with the restriction of the Euclidean metric
It is an irreducible real analytic Cartan-Hadamard manifold of type J. The Ricci rank r = 2, and the leaves of L are given by
where (u, v) ∈ R 2 . Note that, despite the fact that M 3 has many zero sectional curvatures, it is of geometric rank 1 in the sense of Ballmann, Brin and Eberlein. This example and some others were discussed in [GZ] and were originated from [WZ] .
Note that the isometry group of M 3 is finite. This is because the origin is the unique point realizing the minimum of the scalar curvature, so any isometry of M 3 will fix the origin, and it also needs to respect the directions of L and the conullity operator. In particular M 3 cannot be isometric to the universal cover of a compact manifold.
Next let us discuss the type N factors Y i in Theorem 4. As before, we will denote by Y i the open subset where K has minimum dimension s i . Again for the sake of simplicity, let us drop the subscript i in the writing of for any X perpendicular to I. We will leave the details to the readers.
Both type J and type N manifolds resemble some special kind of developable submanifolds in the Euclidean space. See [FW] , [W] , and [WZ] for more examples and discussions. However, not all such manifolds come this way. For instance, there are examples of irreducible real analytic Cartan-Hadamard manifolds M 3 of type J or type N which are nowhere locally isometric to any hypersurface in R 4 ( §5 of [GZ] ).
Also, in the type N case, the core number s does not have any upper bound. For instance, there are irreducible type N manifolds M n with r = 2 and s = n − 3 in any dimension n ≥ 3.
One can state the combination of Theorems 4, 6, and 7, which provides a structural description for Cartan-Hadamard manifolds with degenerate Ricci. We will skip it here. Instead, we will just state the special case when the manifold is irreducible and real analytic. In this case the picture is particularly simple: Corollary 8. Let M n be an irreduicble real analytic Cartan-Hadamard manifold with Ricci rank 0 < r < n. Then one of the following two cases must occur:
1) M n is of type J. The leaves of the Ricci kernel foliation L are 1-dimensional. In the open dense set U , along each leaf γ(t) of L, the conullity operator C T = aI + bD, where D 2 = −I and ∇ T D = 0. Here T = γ (t), b > 0. The function a, which is 1 n−1 of the trace of C T , vanishes exactly once on γ. So the zero locus of a, called the belt, is a real analytic hypersurface in U transversal to L.
2) M n is of type N . In this case n−r −s ≤ r −1, and the product of any two conullity operators is zero. In the open dense subset U ⊆ M n there are totally geodesic foliations L and N , where the first is formed by adding to L the image spaces of all C T , while the orthogonal direct sum L ⊕ N is the the sum of L with the common kernel space of all C T . It holds that ∇ L N ⊆ N, ∇ N L ⊆ L, and the leaves of L are flat.
Note that the sets U , U and U are all L-complete and are preserved (as a set) by any isometry of M . The belt S in the type J case is also preserved by any isometry of M .
The proof of Theorem 1
In this section, we will prove Theorem 1 stated in the Introduction, by using our detailed information on its universal cover discussed in the previous section.
Throughout this section, we will assume that N n is a complete Riemannian manifold with finite volume and with nonpositive and bounded sectional curvature. We also assume that the Ricci rank of N n satisfies 0 < r < n. Denote by π : M n → N n the universal covering space and by Γ the deck transformation group.
Again denote by U ⊆ M n the open subset where the Ricci tensor has rank r, and by L the Ricci kernel foliation in U . Our goal is to show that the nearby leaves of L are always parallel to each other, or equivalently, all the conullity operators vanish. So from now on, we will assume that not all conullity operators vanish and will try to derive a contradiction.
Write U ⊆ U for the open (and now nonempty) subset where the linear span of the conullity operators has maximum dimension m. For each x ∈ U , denote by k(x) the number of irreducible blocks of R-splits for L ⊥ x (cf. Claim 1 in §2). Denote by U 0 ⊆ U the open subset where k(x) = k, the minimum in U .
In the next two subsections, we will deal with the case when k = 1; namely, when R does not split at a generic point of U . The case k > 1 will be handled in the last subsection.
3.1. The type J case. In this subsection, we assume k = 1 and the open subset U J = φ, where U J ⊆ U 0 consists of points where some conullity operator is nondegenerate. At each point x ∈ U J , we are in the type J situation. We will derive a contradiction to the fact that M n covers a finite volume quotient.
Notice that, just like U , U or U 0 , the open subset U J is L-complete and invariant under the isometries of M n . That is, for any x ∈ U J , the leaf L x is contained in U J ; for any isometry f of M n , it holds that f (U J ) = U J .
From the previous section, we know that there exists the belt S, which is a smooth hypersurface in U J that is transversal to the foliation L of geodesics. Clearly, for any isometry f of M n , it holds f (S) = S, since the conullity operators are respected by f and S is the zero locus of the trace of the conullity operator.
Fix a point x 0 ∈ S. Let B be the geodesic ball of radius centered at x 0 . When > 0 is sufficiently small, B is contained in U J and S := B ∩ S is topologically a ball (of dimension n − 1). We also let 2 be smaller than the convexity radius at point π(x 0 ) ∈ N n in the quotient.
Denote by L the open subset in U J consisting of all the leaves L x for all x ∈ S . L is diffeomorphic to the product S ×R.
For any f ∈ Γ with f = id, it is clear that f (L ) ∩ L = φ, as f needs to preserve both S and L. Therefore L injects into the quotient N n and thus must have finite volume. This will contradict the following lemma, thus proving Theorem 1 in the case k = 1 and U J = φ. Lemma 1. Under the above notation, the cylinder L has infinite volume for any sufficiently small > 0.
Proof. Let (u 2 , . . . , u n ) be a local coordinate system in a sufficiently small neighborhood x 0 ∈ W ⊆ S. Let e 1 , . . . , e n be an orthonormal tangent frame of M n along W such that e 1 ∈ L. Extend it to an orthonormal tangent frame in L W = x∈W L x by parallel translation along leaves L x of L.
For each x ∈ W , the geodesic L x will be denoted by γ x (t), such that t is the arc length parameter, γ x (0) = x and γ x (0) = e 1 (x). Denote by Then (x 1 , . . . , x n ) is a local coordinate system on L W . It is clear that for any 2 ≤ i ≤ n, e 1 (x i ) = 0, while e 1 (x 1 ) = 1. Let us write a ij = e i (x j ), 2 ≤ i, j ≤ n. Then the (n−1) square matrix A = (a ij ) satisfies e 1 (A) = CA, where C represents the conullity operator C e 1 and the volume form of M n is
Along any leaf γ(t) of L, we have C = aI + bJ, where J 2 = −I, J = 0, and
where λ = 0. Here the derivative is with respect to t = x 1 . Therefore,
for some nowhere zero function c which is constant along each γ(t). Thus the volume of L W is infinity.
3.2. The type N case. In this subsection, we still assume k = 1, but U J = φ. In other words, any point in U 0 is of type N. We want to draw a contradiction from these assumptions and hence complete the proof of Theorem 1 in the k = 1 case.
Unlike the type J case, now the dimension of the kernel foliation L can be larger than 1, and we don't have a geometrically invariant 'belt' transversal to L. In fact, for any T , S in L, with S parallel in each leaf, it holds that
So all the conullity operators are constant along each leaf of L. Thus we have to rely on something else.
Let us begin with a couple of lemmas. A subset W ⊆ M n is said to be precisely invariant if for any deck transformation f ∈ Γ, either f (W ) = W or f (W )∩W = φ. In this case, we will denote by Γ W the stablizing subgroup of W .
As before, a subset W ⊆ U is said to be L-complete if for any x ∈ W , the entire leaf L x of L through x is contained in W .
Notice that if a subset of M n is preserved by any isometry of M n , then each of its connected components will be precisely invariant.
Like the set U that we have seen before, let us denote by U N ⊆ U 0 the open subset where the tangent subspaces I and J have maximum or minimum dimensions, respectively. So in U N we have the orthogonal decomposition T M = K ⊕ L ⊕ I ⊕ N ⊕ I into distributions, where the sum of the first two terms is L and the sum of the first three terms is L. Here I is the total image of all the conullity operators, while I ⊕N = J is the common kernel of the conullity operators. We also know that both L and N are totally geodesic foliations, the leaves of L are flat, and ∇ L N ⊆ N,
From the construction, it is clear that U N is L-complete and is preserved by any isometry of M n . So any of its connected components will be both L-complete and precisely invariant. We have the following Lemma 2. For any T ∈ L with C T = 0 at a point x ∈ U N , if X ∈ im(C T ) and Y ∈ ker(C T ), then R XY * * = 0. Also, the curvature tensor R is constant along each leaf of L.
Proof. For any tangent vectors a, b, c, d at x, extend them and T into vector fields so that they are all parallel in the T -direction; that is, ∇ T ( * ) = 0. The second Bianchi identity says that
Since R T * * * = 0, ∇ T C T = C 2 T = 0, and ∇ T ( * ) = 0, we have
So the third order derivative of R abcd in T is always zero. Now the boundedness of the sectional curvature of M n will force any R abcd to be constant in T , and if C T (a) = 0, then R aC T (b)cd = T R abcd = 0 for any b, c, d. This proves the lemma.
As a consequence, we now have R XY * * = 0 for any X ∈ I and any Y ∈ I ⊕ N . Note that Lemma 2 is the only place (in the proof of Theorem 1) where the boundedness of the curvature is used. Hopefully this is only a technical assumption, but we do not know how to remove it at this point and time.
Lemma 3. In U N , for any X ∈ L and any T ∈ L that is parallel along the leaves of L, it holds that ∇ X C T = 0.
Proof. Near a generic point x ∈ U N , let us choose a piece of smooth submanifold S that is transversal to L and with complementary dimension. Choose an orthonormal tangent frame of M n along S, {e α , e i , e μ , e i }, such that the e α 's are in L, the e i 's are in I, the e μ 's are in N , and the e i 's are in I. Let us locally extend every e * in parallel terms along each leaf of L through S; we get a local orthonormal frame near x which respects the decomposition of T M. Note that along each leaf of L, the bundles N and I are flat by Lemma 2.
Write C α ij = − ∇ e i e α , e j and consider the smooth function
Here and below we will use the subscripts after the comma to denote covariant derivatives under e * . Clearly, ψ is independent of the choice of the orthogonal frame and hence is globally defined in U N . Along each leaf of L the second order derivatives of ψ is constant, and
So ψ is a nonnegative quadratic form along any leaf L of L. Denote by L 0 the kernel of ψ. In the open subset U N ⊆ U N where L 0 has minimum dimension, it becomes a distribution. Denote by L 1 the orthogonal complement of L 0 in L.
Then along each leaf of L 1 , ψ is a positive definite quadratic form and thus has a unique minimum point. So when L 1 = 0, we would have a belt S 1 transversal to the foliation L 1 . Any isometries of M n will have to preserve both the foliation L 1 and this belt S 1 . On the other hand, a similar argument as in the proof of Lemma 1 shows that any L 1 -cylinder over a small ball in S 1 will have infinite volume. (In this case the conullity operators have zero traces, so the volume form under the local coordinate system is actually constant along each leaf of L 1 .)
This would of course violate the fact that M n covers a finite volume quotient. So we must have L = L 0 ; that is, C α ij,l = 0 for any indices involved. This completes the proof of Lemma 3. Now we are ready to prove Theorem 1 in the case k = 1 and U J = φ. Near a generic point x ∈ U N , let us again choose a piece of smooth submanifold S that is transversal to L and with complementary dimension, and an orthonormal tangent frame of M n along S, {e α , e i , e μ , e i }, such that the e α 's are in L, the e i 's are in I, the e μ 's are in N , and the e i 's are in I. As in the proof of Lemma 3, we locally extend each e * in parallel terms along each leaf of L through S, to get a local orthonormal frame near x which will respect the decomposition of T M. This is possible because along each leaf of L the bundles N and I are flat by Lemma 2.
Again denote by θ, Θ the matrices of connection and curvature under the frame e, and the indices in the corresponding ranges as before. Also write C α ij = − ∇ e i e α , e j . By Lemma 3, we have e k (C α ij ) = 0 for any α, i, and any j, k. Since we also have ∇ e k e * = 0; we get l θ kl,i C α lj = 0 for any α, i, and any j, k. Multiply the above with C α mj and sum over α and j; we get l θ kl,i A lm = 0, where A lm = α,j C α lj C α mj . Since A is positive definite, we have θ kl,i = 0 for any k, l and i. Since θ kl contains only the ϕ i 's, where ϕ is the coframe dual to e, we get θ kl = 0.
Using this and the fact that any θ kμ , θ kl or θ μl only contains the ϕ i 's, we get from the structure equation that
This means that the Ricci curvature in the direction of k would be zero, contradicting the fact that the Ricci is negative definite in L ⊥ . Thus the case k = 1 of Theorem 1 is proved.
3.3. The general case. In this subsection, we will finish the proof of Theorem 1. Our goal is to show that all conullity operators vanish, so the leaves of L will be parallel to each other in each connected component of U .
We assume that not all conullity operators vanish. As before, denote by U ⊆ U the open subset where the linear span of the conullity operators has maximum rank m ≥ 1, and denote by U 0 ⊆ U the open subset where k(x) = k. Here k(x) is the number of irreducible blocks in the R-splitting, and k is the minimum of k(x) for all x ∈ U . We already proved the case when k = 1 in the previous two subsections. So here we assume k ≥ 2.
In U 0 , we have the orthogonal decompositions T M = L ⊕ V 1 ⊕ · · · ⊕ V k into distributions which gives the irreducible R-split at each point in U 0 . Let V ∞ i be the subspace generated by V i for each i as in §2, right after Claim 5. Denote by U 00 ⊆ U 0 the open subset where each V ∞ i has maximum dimension. Then in U 00 we have the decomposition
which is now invariant under parallel transports. Thus, for each connected component U 00 a of U 00 , its universal cover U 00 a is isometric to a product U 00 a = R q × Y 1a × · · · × Y ka . Here U 0 and U 00 are playing the exact same role as U * and U * * before. The only difference is that the latter two are the subsets in U directly, where we didn't care about the conullity operators. In the current case, since U 0 and U 00 are subsets of U , at least one of the factors Y ia will have to have degenerate Ricci and thus be of either type J or type N.
Note that by their construction, it is clear that the sets U 0 and U 00 are Lcomplete and are invariant under any isometry of M n .
Let us fix a connected component U 00 a of U 00 . Write W for its universal covering space U 00 a , and denote by Γ W a subgroup of the isometry group of W that acts freely and properly discontinuously, so that W/Γ W = π(U 00 a ) = U 00 a /Γ a , where Γ a is the stablizing subgroup of (the precisely invariant) U 00 a in the deck transformation group Γ. W is the product of R q with k factors Y ia , 1 ≤ i ≤ k, and at least one of these Y ia will have degenerate Ricci and thus be either of type J or of type N.
First let us assume that there is at least one type J factor. Denote by Y 1 the product of all the type J factors, and write Y 2 for the product of everything else. We have W = Y 1 × Y 2 . Note that any isometry of W will respect this splitting, since it needs to send type J factors to type J factors. Let L 1 be the Ricci kernel foliation of Y 1 and S 1 ⊆ Y 1 be the belt. Note that L 1 and S 1 are, respectively, the product of that in the factors of Y 1 . S 1 is a smooth submanifold in Y 1 transversal to L 1 and with complementary dimension. Let S = S 1 ×Y 2 .
Fix any x = (x 1 , x 2 ) ∈ W . For each factor of Y 1 , consider a geodesic ball centered at (the component of) x 1 and with sufficiently small radius, and let B 1 be their product. Also let B 2 be a small geodesic ball in Y 2 centered at x 2 .
As before, denote by L 1 or L the topological cylinders consisting of leaves of L 1 through B 1 or B = B 1 ×B 2 , respectively. Then L is isometrically the product of L 1 and B 2 , while L 1 is isometric to the product of the corresponding topological cylinders from each factor in Y 1 . So by Lemma 1, we know that L would have infinite volume.
On the other hand, for any isometry f ∈ Γ W which is not the identity, f (L)∩L = φ, since f (B) ∩ B = φ when the radii are small enough. Thus W injects into N n and must have finite volume. This means that type J factors cannot appear in the splitting of W . Now assume that there is no type J factor in W . Denote by Y 1 the product of all the type N factors and by Y 2 everything else. Again we have W = Y 1 ×Y 2 and Γ W respect the splitting. As in the previous subsection, the fact that the quotient N n has finite volume and bounded curvature will force the conullity operators in Y 1 to be parallel along each leaf of L 1 , which is the foliation obtained by adding to the Ricci kernel the total image space of the conullity operators in Y 1 . This will imply that the Ricci curvature in some direction in Y 1 perpendicular to L 1 to be zero, and provides the contradiction needed. Since the situation is exactly analogous to the previous subsection, we will leave the details to the readers.
In summary, we have proved that type N factors cannot appear in W either. This completes the proof of Theorem 1.
